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TOPICS QUESTIONS

#1: sin(A+tB) & cos(A t£B)
1 Complete:

(a) sin(A+B) =
(b) cos(A+B) =

2.1 Use the identity cos(A + B) = cos A cos B - sin Asin B

to show that sin(A - B) = sin A cos B - cos A sin B.

Determine the value of sin(A +B) if 5cos A-4 = 0
and 12tanB+5 = 0; A and B e[0° 180°]

22

3 Use the formula for cos(x -y) to show, without using a
3 +1
242

4  Show that sin(A + B) - sin(A - B) = 2cos A sin B.
sin 105° - sin 15°
sin105° + sin15°
calculator (leave your answer in surd form,).

calculator, that : cos 15° =

Hence calculate without using a

5.1 Prove that cos(A +B) - cos(A-B) = -2sin A sin B.
Now factorise cos 5x - cos x.
5.2 Evaluate

(a) cos 75° + cos 15° without using a calculator.
(b) 2sin 195°.sin 45°

sin3x +sin7x
cos 3x +cos7x

[HINT: 3x = (5x-2x) and 7x = (5x + 2x)]

6  Simplify the following expression :

7 If cos61° = p, express the following in terms of p :
(a) sin 209° (b) cos(-421°) (c) cos 1°
8 Giventhat P and Q are both acute, solve for P and Q if
sinPsinQ - cosPcosQ = %
and sin P cos Q - cos P sin Q =%
9  Simplify:

(a) sin 70° cos 40° - cos 70° sin 40°

(b) sin(90° - x) cos x + cos(90° - x) sin x

(c) cos(x + 70°) cos(x + 40°) + sin(x + 70°) sin(x + 40°)
(d) cos 70° cos 10° + cos 20° cos 80°

#2: sin2A & cos 2A

Derive the formula for sin 2A from the formula for
sin(A + B).

Derive three formulae for cos 2A from the formula for
cos(A + B).

1 (a)

(b)
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(c) Now, deduce:

(1) sin4A = ... interms of 24 2)
(2) sinA = ... in terms ofg )
(3) cos 6A = ... interms of 34 (2)

If 90° < A < 360° and tan A = %,determine without using

a calculator (leave your answer in surd form where applicable) :
(a) sinA (b) cos 2A - sin 2A (3)(4)

If sin9° = a, calculate without using a calculator, the
value of sin 18° in terms of a.

(5)
Given: cosx =t

Express each of the following in terms of t:

(a) cos(180°+x)  (b) sin’x  (c) cos 2x

If cos 18° = k, express the following in terms of k:
(a) sin 18° (b) cos 162°

(c) tan 108° (d) cos(- 36°)

(2)(1)(2)

()2
)2

Calculate, without using a calculator, the value of
sin(90° + 20) if 3cos B = 1 (6)
Prove the following identity:

sin(45° + x).sin(45° - x) = % cos 2x

Hence determine the maximum value of
sin(45° + x).sin(45° - x) and the corresponding value(s)
of x e [0° 180°].

# 3: Prove the following identities :

sin2x cos2x tan2x

—= . = 4 cos’x (5)
sinx cosx tanx
1 -.cos28 = tan o

sin 20
2.1 Hence deduce that tan 15° = 2-/3 (8)
sin20 - cos® _ cos 6 (5)
sin® - cos 26 1+ sin®

sinx - sin2x = tan x (5)
cosx - cos2x - 1
1 - cos2x - sinx = tanx 7)

sin2x — cosx

siny + sin2y _
—————= — = tan 5
cosy + cos2y + 1 y ®)
cos2x - cosx _ cosx -1 )
sin2x + sinx sin x
2tan x -23|n2x = tan x 5)

2sin “ x
1.34
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sinx - cosx

cosx - cos2x +2 _ 1+ cosx

3sinx - sin2x sinx Ny
sin20.tan® 2 N
————— = tan“0
cos20 +1 S ‘»)
1- sin2x

= sinx - cosx

11.1  For which values of x is this identity undefined ?

sin 0 cos 0 cos 20 cos 40 = %sin 86

Prove the identity : cos 3A = 4 cos’A - 3cosA

Prove that : sin 3A = 3sinA - 4sin’A.
14.1 Hence, determine the general solution for A if:
8sinA=6sinA+1.

# 4: Simplify the following expressions:
(without the use of a calculator)

sin 40° cos 40°

. 2

15° + 15°
(sin 15° + cos 15°) 05 10°
tan(- 330°). sin 120°. sin 250°

cos 215°. sin 325°

A A A A
sin— - cos— || sin— + cos—
2 2 2 2

(sin75° - cos 75°)(sin 75° + cos 75°)
tan(-150°) sin 300°

sin 15° cos 15°

cos(45° - x)cos x - sin(45° - x)sinx
sin6x _ cos 6x
sin2x  cos2x

7.1 For which values of x e [0°; 180°], will the
expression above be undefined?

Evaluate

# 5: Solve the following equations ...

sin 2x = tan 225° cos 210° for x e [0°; 180°]
sin2x+cosx = 0 for x e[0°; 180°

0 for x e[0°; 1807

cos2x - 5cosx-2 = 0 (general solution)
cos2x+7sinx-4 =0 for x e[0°; 180°]

cos 20 +3sin?0-4sin®+2 = 0 for 0 e [-180°; 180°]
cos2x-7cosx.tanx = 4 and x e [-180°; 909
sin 20 = cos(- 30)
sin(x + 30°) =
sin 2x - sin x + 2sin’x - cos x = 0 (general solution)

sin2x+sinx = 6cosx+3 for -180° < x < 0°
sin 2x

sin 2x + sin’x =

(general solution)
-cos 2x  (general solution)

— =1 x e [90°; 270°]
cos2x - 1

4sinxcosx = 1 xe[0°; 90°]
6sinx+2sin2x = 1 and -90° < x < 90°

(10)
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#1: sin(A+B) & cos(A +B)

(a) sin(A+B) = sinAcosB+cosAsinB <
(b) cos(A+B) = cosAcos BFfsinAsinB <
sin(A + B) = cos[90° - (A + B)]

= cos(90° - A -B)

= cos[(90° - A)-B] ..

= cos(90° - A) cos B + sin(90° - A) sin B

= sinAcosB + cosAsinB <«

the cos of the
difference of 2 angles !

cosA=2 & Ac[0° 180°] XXX
5 X
X

X

&tanB = % & B e [0° 180°] X

X
o Ain 1% Quad.: B in 2" Quad.:

5E :3 (Pyth) 5 13/\(Pyth)

sin(A + B) = sin A cos B + cos A sin B

-BE)-GE)
5)0 13 5)\13
- .36 , 4
65 13
_ =36 + 20
T 65
= ﬁ <«
65

cos(x -y) = cosxcosy+sinxsiny
. cos 15° = cos(45° - 30°) = cos 45° cos 30° + sin 45° sin 30°

(B2 (B

- \/§+1

22
sin(A +B) = sin A cos B+ cos AsinB ... O
& sin(A - B) = sin AcosB-cos AsinB ...0

. sin(A+B)-sin(A-B) = cos AsinB-(-cos AsinB) ... @ -0
= 2cos AsinB «

Similarly : sin(A + B) + sin(A - B) = 2sin A cos B

Let 105° = 60° + 45° (ie. A=60°& B=459
& 15° = 60° - 45°

1) 1
2(1) L
then sin105°- sin15° _ 2cos60° sin45° _ (2)[\@] -1 ¢
sin105° + sin15°  2sin 60° cos 45° Z[QJ(LJ NE)
2 \V2
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5.1

5.2

cos(A +B) = cos AcosB-sinAsinB N 1 ]
& cos(A - B) = cos A cos B +sin AsinB ...O
. cos(A+B)-cos(A-B) = -sinAsinB-sinAsinB ... Q-0
= -2sinAsinB <

Let Bx=3x+2; then x=3x-2x (iee A=3x & B=2x)
. cos bx - cos x = cos(3x + 2x) - cos(3x - 2x)
= -2sin 3x sin 2x <
(a) Similarly to above formula:
cos(A+B) + cos(A-B) = 2cos A cos B

. cos 75° + cos 15° = cos(45° + 30°) + cos(45° - 30°)
= 2c0s45° cos30°...4=45°& B=30°

()

= 3 <«
2
(b) 5.1: -2sin AsinB = cos(A +B) - cos(A -B)
» 2sin AsinB = cos(A - B) - cos(A +B)

. 2sin 195° sin45°

c0s(195° - 45°) - cos(195° + 45°)
cos 150° - cos 240°

N -cos 30° - (-cos 60°)
%ﬂ@) -G

:-\/§+1 <«
2

sin(5x - 2x) + sin(bx + 2x)
cos(5x - 2x) + cos(bx + 2x)

2sin Bx cos 2x .
T ... see formula in Q4
2cos bx cos 2x form Q

- sin bx
cos bx
= tan bx <
1
29°
cos 61° = J1- 9% (Pythag)
p

(a) sin209° = -sin29° = -p <
(b) cos(-421°) = cos(-61°) = cos 61° = p <
(c) cos 1° = cos(61° - 60°) Il

= cos 61° cos 60° + sin 61° sin 60°

=p.%+\l1—p2.§
_nl
:P*\/IZP B

0:-cos(P+Q):% 0: sin(P-Q):%
. cos(P+Q)=—% L P-Q=30 ...0
- P+Q = 180°- 60° Applying formulae for
21200 .0 |cosP+0Q) & sin(P-0Q)
0+0©: - 2P: 150°
P =75 & Q= 45°
M1.62

sin(70° - 40°)
= sin 30°

:l(
2

(b) sin[(90° - x) + x]
= sin 90°
=1«

(c) cos[(x + 70°) - (x +40°)]
= cos 30°

_ﬁ(
2

... formula for sin(4 - B)

... formula for sin(4 + B)

(d) cos 70° cos 10° + sin 70° sin 10° .. . formula for cos(A - B)

= cos[70° - 10°]
= cos 60°

:l(
2

#2: sin 2A & cos 2A

1 (a) sin2A = sin(A+A) = sinAcosA + cos Asin A
= 2sin Acos A <

(b) cos 2A = cos(A+A) = cosAcosA - sinAsinA
= cos?A - sinA <

But also, sitA+cos’d = 1 ® cos’d = I-sin’d
and sir’A = 1-cos’A

. cos 2A = (I-sin’d)-sinA = 1 - 2sin’A <
or cos 2A = cos?A - (I - cos’4)
= cos?A - 1+ cos’A
= 2cos?A-1 <
(c) (1) sin4A = 2sin 2A cos 2A
2)sinA = -ZA)=2»A A
(2) sin A = sin (2 sin > cos >

(3) cos 6A = cos 2(3A) = cos?3A - sin?3A

2 90°<A360°l’— tan A = +2 +"
X| X 3 X

A in 3" Quadrant : o
2, s
(@) sinA = % (Pyth)

(b) cos 2A -sin2A
= 2cos?A-1 - 2sin A cos A

o) o)
18 -13 - 12
13

... formula for cos(A - B)



a
sin9°=% []
\H—uz

. sin18° = sin2(9°) = 2sin9°cos 9° = 2a.41-a® <

cosx = % 1 W
(@) cos(180°+x) = -cosx = -t < T

(b) sin®x = 1-cos® = 1-1% <

(c) cos2x = 2cos’x-1= 2t2-1 <

cos 18° = % Tao 1-

(@) sin18° = {1-kK¥ <
(b) cos162° = -cos18° = -k <«
(c) tan108° = -tan72° = - K __ <«

J1-K8

(d) cos(-36°) = cos 36° = cos 2(18°)

= 2cos?18° - 1
= 2k?-1 <
Sin(90°+20) = cos20 & cosO = %
= 2cos%0 - 1 o
2 .
=2 (1) -1 «--~
3
- 2.
9
-7
9
LHS = (sin 45° cos x + cos 45° sin x)(sin 45° cos x - cos 45° sin x)
= sin?45° cosx - cos?45° sin’x ... (a+b)a-b)=d’ -
2 2
= [%) cos’x - [%) sinx

% cos’x - % sin’x

% (cos®x - sin’x)

= %cost = RHS <«

. Maximum value of sin(45° + x) . sin(45° - x)
= Maximum value of % cos 2x

= %(1) . .. maximum value of cos =1
= 1 <«
2 N/
when cos 2x = 1 </
v 2x = 0° or 360° ...2x€/[0%3609
ox=0° or 180° ...xe/0%1809

1-(1-2sin20) _  2¢in29 _ sin®

# 3: Proving identities :

25X . Cosy  Cos2x sin2x
sin%X 'N'M-sinx

cos x

2.2siAXx cosx cosS x
X
1 sin%

4cos®x = RHS <

“1+sine

_ sinx (1 - 2cosx)

_ sinx

2sinB cos®  2sinB cos®  cosO

- 1 - cos30°
sin 30°
1.8
e
1 2
2
= 2_‘\/5
1
=2-43 «

2sin® cosO - cosO
sin® - (1-2sin20)
cos6(2sind - 1)
sind - 1 + 2sin’0
cosO(2sin6 - 1)
25in%0 + sin® - 1
cosO(2sin6 - 1)
(2sin® - 1)(sin® + 1)

cos © - RHS <

sinx - 2sinx cos x
cosx - (2coszx-1) -1

-2cos?x + cosx

-sinx(2cosx - 1)
-cos x(2cosx - 1)

cos x
tanx = RHS <

1-(1-2sin®x) - sinx
2sinx cosx - cosx

2sin 2x - sinx
cos x(2sinx - 1)
sinx (2sinx - 1)
cos x (2sinx - 1)

_ sinx

cos x
tanx = RHS <

M1.63

=tan 0 = RHS <«

siny + 2sinycosy

cosy + Zcoszy =1+1
siny (1 + 2cosy)

cosy (1 + 2cosy)

tany = RHS <

2cos?x -1 - cosx

2sinxcos x + sinx
2cos?x - cosx - 1
sinx(2cosx + 1)

(2cosx + 1)(cosx - 1)
sinx (2cos x + 1)

cosx -1
sinx

= RHS <

sinx
cos x

cos X
X

- 2sinx cos x [

2sinx
2sinx - 2sinx cos?x

2sinx . cos x

=,

OR:
2

2sinx - 2sin x cos“x 1

2sinx (1 - coszx)
2sin?x.cos x

2 sif x . cos x
sinx
Ccos X

tanx = RHS <

coS X - (Zcoszx -1) + 2

3sinx - 2sinx cos x

cosx - 2cos?x + 3
sinx (3 - 2cos x)

3 + cosx - 2cosx

sinx (3 - 2cos x)

(3 - 2cos x)(1 + cos x)
sinx (3 - 2cos x)

1+‘cosx - RHS <
sSinx
2sinBcosB. sin 8
cos©

2cos20 -1+ 1

2sin%0

2cos0
tan’0 = RHS <

cos x 2sinx
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-2 2 .
sin“X + cos“X - 2sinxcosx
11 LHS: : sin x cos
sSinx - Cosx
2 . 2
sin“x - 2sinxcosx + cos“x

sinx - cosx

(sinx - cos x)2
sinx - cosx

= sinx - cosx = RHS <«

111  Undefined when sinx-cosx = O
. sinx = cosx
* tanx = 1
. x = 45°+n(180°), neZ <

(+ cos x)

12 RHS = lsin 2(49)

.2sin 46 cos 40

.2 .sir3|' 2(20).cos 40
.2.2sin 20 . cos 20 .cos 46

= 2.2.2.2sin 0. cos 0.cos 20.cos 40

1
@l Ol GOl 0o 00

= sin0.cos 0.cos 20.cos 40
= LHS <

13 LHS = cos 3A
= cos (2A + A)
= cos2Acos A - sin2Asin A
= (2cos’A-1)cos A - 2sinAcos A. .
= 2cos®A - cos A - 2cos A(1 - cos?A)
= 2c0s°A - cos A - 2cos A + 2cos’A
= 4cos’A - 3cos A = RHS <

sin 2A
= 2sin A cos A

14 LHS = sin3A = sin(2A + A)
= sin2A cos A + cos 2Asin A
= 2sin A cos?A + (1 - 2sin®A).sin A
= 2sin A(1 - sinA) + sin A - 2sin®A
= 2sinA - 2sinA + sin A - 2sin’A
= 3sin A - 4sinA = RHS <

14.1 8sin’A - 6sin A = 1
+(-2)  -4sinA+3sinA = -

N =

. sin3A

. seeno. 14

N =

» 3A = 180°+30°+n(360°), neZ ...l
= 210° + n(360°)
. A = 70° +n(120°) <
or 3A = 360°-30°+n(360°), neZ ...IV
= 330° + n(360°)
A = 110° + n(120°) <
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# 4: Simplifying expressions :

sin15° + 2sin 15° cos 15° + cos®15°
= sin?15° + cos?15° + sin 2(15°)

5 B 2/30°
L..sin"@+cos 0= 1
= 1 + sin 30°
=1l < ...sin30° =1 60° [
2 2 1
A 25in 40° cos 40°
2'—0 OR: The denominator
sin 80 = sin 80°
%.sin80° = sin 2(40°)
= “ein80° = 2 sin 40° cos 40°
1 - Expr. - sin40°cos40° _ 1
=5 < © P sin40°cos 40° T 2
Exp. = tan30°. sin 60° . (- sin 70°)
P- (-cos 35%) (- sin 35°)
1B Gnae3se
_ﬁ' > .sin2(35°)
+cos 35°.sin 35°
%.25in35°cos35°
"7 cos35°.sin35°
= -1«
f2A 2A - _ 2A _ .n2A
sin® 2 - cos® 5 (cos 5> - sin 2)
= -cosA < .. cos 24 formula
- 29E0 22Eo0
. _ sin®75° - cos“75
Expression = S n30°.(sin60%) i i
o in“6 - cos”0
_ -cos2(75°) |y e s
. Ne -o- | = -(cos O-sin"6)
Bl 2 = -cos 20
_ -cos150° - cos 150° = - cos 30°
e 5
2
[ﬁ)
- 2 2
TTI (X E)
2
:-\/§ <
1 24in15° o 1 <in30° 11
2.25|n15 cos 15 . 2.sm30 _22._. 2 <
cos[(45°-x) + x] cos 45° 1 4
V2

<

_ sinéx.cos2x - cos 6x.sin2x

7 Ex
P sin 2x . cos 2x
- sin(bx-2x) e IS = gin 4x
sin2x.cos2x = sin 2(2x)
_ 2sin2x.cos 2x = 2sin 2x cos 2x
sin 2x . cos 2x
=2 <

7.1 The expression is undefined when
sin2x = 0 OR cos2x = 0
... i=e. when the denominator = 0
s 2x = 0°+n(180°) . 2x = 90° + n(180°)
. x = 0°+n(90°) . x = 45°+n(90°)

~ When x=0°; 45°; 90°; 135° or 180° <

# 5: Solving equations . ..

1 sin 2x = (+ tan 45°)(- cos 30°)
ea(4)
Note:
= —g ... |xe[0° 180°] » 2x e [0° 360°]
. 2x = 240° or 300° . refL=60°
w x = 120° or 150° < x| x
2 2sinxcos x + cosx = O

» cosx(2sinx + 1) = 0
~ cosx =0 or sinx = —% for x e [0° 180°]

. x = 90° < ... sinx > 0 for x e [0% 180°]

3 2sin x cos x + sin’x = 0
. sinx(2cosx + sinx) = 0
. sinx = 0 OR 2cosx = -sinx
~x = 0° or 180° < +(-cosx) .. -2 = tanx
© x = 180°-6343°
= 116,57° <«
4 2cos?x-1-5cosx-2 = 0

- 2cos®x-5cosx-3 = 0
o (2cosx +1)(cosx-3) = O

1

. cosx:—E -1 <cosx <1

forall !

...cosx #3

L x = £120°+n(360°), neZ <

5 1-2sin’x+7sinx-4 = 0
.. 2sin’x - 7sinx+3 = 0

o (2sinx-1)(sinx-3) = 0

» sinx = -1 <sinx <1
forall !

...8inx #3

or 150° <«

N =

~x = 30°



6 1 - 2sin%0 + 3sin?0 - 4sin9+2 = 0
- sin%0-4sin0+3 = 0
s (sin®-1)(sino-3) = 0

wosing =1 ... sing # 3!
w0 = 90° « 1|7’l<sme
-180° | 90° 180°
7 1-Zsin2x-79¢>s§,smx -4 =0

cosX

. -2sin’x-7sinx-3 = 0
. 2sin’x+7sinx+3 = 0
oo (2sinx +1)(sinx+3) = 0

. sinx:—% ...sinx # -3

_150° -30° L/ ¢

oox = -150° or -30° < -18,% 90°

-7 T T T x| x
8 sin 20 = +* cos 30 /‘\ ...cos (-6 = cos 0
= + sin (90° - 360)

the reference angle

. 20 = 90°- 30 +n(360°), neZ vl
. 50 = 90° + n(360°)
. 0 = 18°+n(72°) <
OR: 26 = 180°-(90°-30)+n(360°), NcZ uu.ll
= 90° + 30 + n(360°)
90° + n(360°)
0 = -90° + n(360°)
= 270° + n(360°) <

9 sin(x + 30°) = ~cos 2x /\ +x x

= =sin(90° - 2x) ‘the reference angle
. x+30° = 180°+(90° - 2x) + n(360°),ne Z ... 1N
. 3x = 240° + n(360°)
~ x = 80°+n(120°) <

OR: x+30° = 360°-(90°-2x)+n(360°),neZ ...IV

. -x = 240° + n(360°)
o x = -240° +n(360°)
oox = 120° + n(360°) <
10 2sin X cos X - sin x + 2sin’x - cos x = 0

2sin x cos x + 2sin’x - cos x - sinx = 0
. 2sinx (cos x +sinx) - (cos x + sinx) = O
s (cosx +sinx)(2sinx-1)= 0

. €COSX = -Sinx OR sinx = %
+(-cosx) -1=tanx s x = 30°+n(360°),neZ <
. x = 135°+n(180°),ne Z < or x=150°+n(360°),neZ <

1

12

13

14

2sin x cos x+sinx-6cosx-3 = 0
. sinx(2cosx+1)-3(cosx+1) = 0
s (2cosx+1)(sinx-3) = 0

|

- cosx:-% ...sinx # 3|
ox = -120° <

2sin X cos X

_“4sinXcosx _ 4
A - 2sin®x - A
Lcosx
sinx
INVERT: .. -tanx = 1
© tanx = -1
wox = 135° «

2.2sinxcosx = 1

(+2) - sin2x %
. 2x = 30° or 150° { x € [0% 90°] }
X

15° or 75° < » 2x e [0% 180°]

6sin®x + 2.2sinx cos x = sin’x + cos®x
. Bsin®x + 4sin x cos x - cos’x = 0
- (Bsinx - cos x)(sinx+cosx) = 0

. Bsinx = cosx or sinx = -cosx
(+cosx) .. Btanx =1 ootanx = -1
. tanx = % (=0,2) ox = -45° <
ox = 11,31° <

M1.65
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